We examine the dynamics of nearest-neighbor bipartite concurrence and total correlations in the spin-1/2 XXZ model with random fields. We show, starting from factorized random initial states, that the concurrence can suffer entanglement sudden death in the long time limit and therefore may not be a useful indicator of the properties of the system. In contrast, we show that the total correlations capture the dynamics more succinctly, and further reveal a fundamental difference in the dynamics governed by the ergodic versus many-body localized phases, with the latter exhibiting dynamical oscillations. Finally, we consider an initial state composed of several singlet pairs and show that by fixing the correlation properties, while the dynamics do not reveal noticeable differences between the phases, the long-time values of the correlation measures appear to indicate the critical region.
I. INTRODUCTION
The study of entanglement in strongly correlated systems focused initially on the critical properties of the ground state of one-dimensional spin chains close to a quantum phase transition [1, 2] (see Ref. [3] for a comprehensive review). After these early studies, much interest has been devoted to the study of the time evolution of entanglement after a sudden quench or a continuous change of the Hamiltonian [4] [5] [6] . Of particular interest are those works dealing with disordered systems and the possibility of inducing, in the presence of interactions, many-body localisation (MBL) [7] , see the recent reviews Refs. [8] [9] [10] and references therein. In contrast to Anderson localization, in MBL systems in one dimension, localization does not occur for an infinitesimal disorder but for a non-zero value.
In the last few years, interest on the MBL phase has grown remarkably fast. It is now well established that this phase is characterised by the absence of thermalisation, notwithstanding the presence of interactions, due to the emergence of local conservation laws similarly to integrable systems. Such considerations have helped to develop useful tools for studying the MBL phase using local probes [11] [12] [13] [14] . Recent studies have also shown the use of quantities such as quantum mutual information and entanglement are useful for examining the transition to the MBL phase [15] [16] [17] [18] . Energy eigenstates in the middle of the spectrum of an MBL Hamiltonian fulfil the entanglement area-law and gives rise to a slow logarithmic growth of entanglement after a sudden quench. MBL has been recently observed in experiments with ultracold atoms [19] [20] [21] and trapped ions [22] .
While often block entanglement entropy is the focus, in this work we consider the dynamical onset of the MBL phase and study the dynamics of the nearest-neighbor concurrence, a faithful measure of two-spin entanglement, and the total correlations, which measure all the correlations, classical and quantum, shared by all the spins in the chain. Although these two quantities have been analysed for the centre of the spectrum of an interacting many-body Hamiltonian [16, 17] (see also Ref. [18] where more general pairwise correlations are considered), the study of the evolution of these quantities and the corresponding asymptotic properties is still missing.
To this end and following Ref. [23] , we fix the initial state rather than focusing on a particular energy band in the spectrum [16] [17] [18] 24] . To begin we will focus on a random, pure, separable state analogous to the situation in Ref. [23] . Our initial states thus uniformly sample the full spectrum of the system, i.e. the initial energy distribution forms a Gaussian centred around zero. This is equivalent to exploring a high temperature region of the energy spectrum. We also consider an initial state composed of tensor products of singlets. This state, similarly to MBL states, is locally entangled but does not have long range entanglement. This ensures the state initially has entanglement localized between certain spin pairs and fixes the marginal probability distributions. As we will see both settings reveal interesting features of the nature of the ergodic-MBL transition.
II. PRELIMINARIES
We consider the spin-1/2 XXZ model with periodic boundary conditions subject to random disorder (longitudinal fields), h i , applied to each spin. The Hamiltonian is given by
(1) The random fields h i are uniformly chosen from the interval −η, η . For ∆ > 0 this model will exhibit a transition between an ergodic and an MBL phase [25, 26] , which is dependent on the magnitude of the disorder strength η. In what follows we will consider ∆ = 1, unless otherwise stated. For this interaction strength the current best estimates for the critical disorder strength is predicted to occur at η c ≈ 3.7 (although some estimates can be as low as η c ≈ 3.5), determined using energy resolved calculations [24] and total correlations of the diagonal ensemble [17] . However there are evidences of an extended though not-ergodic phase for η < η c [17, 27] . We remark that a recent study has shown a closely related model where the system is quasi-periodic rather than random appears to be in a distinct universality class [28] .
We will focus on two figures of merit in particular: the concurrence and the total correlations. Concurrence is a measure of entanglement valid for arbitrary states of two qubits. It is defined in terms of the eigenvalues λ 1 ≥ λ 2,3,4 of the spinflipped density matrix ρ 12 (σ y ⊗ σ y )ρ * 12 (σ y ⊗ σ y ) as
Therefore, when evaluating the entanglement we will focus on the first two spins of the chain, i.e. ρ 12 = Tr i 1,2 ρ . We remark the relationship between concurrence and MBL was recently explored in the high energy region of the spectrum [16] . Total correlations are defined as the information shared between all constituents of the state. As such, and unlike entanglement, the total correlation encompasses both classical and quantum natures. We define the total correlations as
where S (·) denotes the von Neumann entropy, ρ is the total density matrix of the system and ρ i is the reduced density matrix of spin i. For two-spins this is equivalent to the mutual information shared between them. Furthermore, since in what follows the state is always pure and therefore S (ρ) = 0, I is simply the sum of the von Neumann entropy of the marginals. In Ref. [17] this figure of merit was used to explore the ergodic-MBL transition, again in the high energy region.
III. RESULTS

A. Random initial states
As an initial state, each spin at site i is prepared in a pure state
where cos(θ i ) is chosen randomly to be ±v and φ i is chosen randomly from [0, 2π), see Ref.
[23] Fig. 1 . We remark this sampling means that each spin is at a fixed angle above or below the equatorial plane of the Bloch sphere, pointing in a random direction and therefore we are not considering random states in the typical sense sampled according to the Haar measure. Our initial state is then
We evolve this state for many realizations of the disorder, with each one starting from a different |ψ . We perform at least 1000 simulations for each value of η in order to ensure good convergence. In Fig. 1 we examine the dynamics of the nearest neighbor concurrence. In panels (a) and (b) we take v = 1, this corresponds to the situation in which each individual spin, i.e. its Bloch vector, in Eq. (5) is randomly chosen to point along the ± z-axis. We see the initial dynamics are insensitive to the magnitude of the disorder. However, after t ∼ 10 −0.5 and as η is increased, the amount of nearest neighbor concurrence is also increased. Furthermore, small η witnesses a sharp drop in the amount of entanglement shared between the two spins before settling into its long-time value, while for larger values of η, entering the MBL phase, the system takes longer to settle. Such a behavior is consistent with the slow growth of block entropy [23] . Comparing panels (a) and (b) in Fig. 1 we see that qualitatively these features persist regardless of the system size L. Panel (c) shows the asymptotic values for L = 8, 12 and 16. These results are in agreement with those reported in Ref. [16] where the entanglement properties of states in the middle of the spectrum of the Hamiltonian were examined, similarly showing that the (total) nearest neighbor concurrence grows from zero in the ergodic phase to comparatively large values when the system transitions into the MBL phase. We perform the same simulations only altering the initial state such that v = 0.5. In this case the short-time dynamics are qualitatively the same as before. Once again, while initially all values of η present the same dynamics, as we increase the disorder strength the systems evolving within the MBL phase settle slower than in the ergodic phase. However, an important difference arises: now the asymptotic value of the nearest neighbor concurrence tends to zero. Panel (f) shows that the long-time behaviour of the concurrence is strongly affected by the choice of initial state. Taking v = 1 we see that the concurrence is sensitive to the disorder strength precisely in line with Ref. [16] , however for other values the concurrence quickly reaches zero, a phenomenon known as entanglement sudden death (ESD) [29] . This may naively lead one to assume that the long-time entanglement is largely unaffected by the disorder strength. Indeed, such a behaviour was reported in Ref. [23] when studying the block entropy and examining values of v ∈ (0, 0.84) (although we remark this study focused on the MBL phase with η ≥ 6). However, as shown in Fig. 1 (f) this range corresponds to nearest-neighbor concurrence being zero, and therefore the invariance reported maybe due to such pathological features.
We recall that the approach employed here is expected to model the high temperature behaviour in the long-time limit. Similarly, directly accessing the middle of the spectrum, as done in Ref. [16] , is also expected to reproduce the same high temperature features. We have checked that the initial energy distribution obtained by taking the class of states (4) is qualitatively similar (although generally broader) to the one obtained by taking a few tens of states in the middle of the spectrum as in Ref. [16] . Here, we have shown that great care must be taken when considering entanglement measures such as the concurrence. Changing the initial state can lead to seemingly contradictory conclusions, stemming from the (in this case) pathological occurrence of ESD. We therefore seek to employ a different figure of merit to alleviate this problem.
In Fig. 2 we examine the dynamics and asymptotic values for the total correlations, Eq. (3). While all of the main qualitative features persist we can now more clearly identify the role v plays. In panels (a-b-c), v = 1 and again the state is very sensitive to the disorder strength η, with the total correlations decreasing as η grows. This is in agreement with Fig. 1 (b) and (c) for the same'favorable' value of v, i.e. one that maintains a non-zero value of concurrence in the long time limit and thus does not exhibit ESD. We remark that it is intuitive that a measure of total correlations, that encompasses all classical and quantum aspects, should decrease when the bipartite entanglement grows since, due to the monogamy properties of the entanglement, larger bipartite entanglement generally necessitates a reduction in the the total quantum correlations. In panels (d-e-f) we fix v = 0.5. In this case a remarkable feature emerges that was not immediately evident when studying the concurrence. In the ergodic phase I grows monotonically until settling to its long time value. As the disorder is increased, and we enter the MBL phase, we see the emergence of oscillations. These oscillations persist for a significant time, gradually dissipating until the system settles to its asymptotic value. Indeed, in the MBL phase we expect the system to store some memory of the initial state in the dynamics, and this would appear to be evidenced by these oscillations. Additionally, in panel (f) we now see that the asymptotic values for the total correlations reflect the changes in the disorder strength. Furthermore, the magnitude of this effect is significantly larger than compared to block entropy [23] .
B. Singlet pairs
We next turn our attention to a different initial configuration for the chain. Starting from a singlet
(|01 − |10 ) (2i−1),2i , we take our initial state to be
The initial energy is now fixed regardless of the random fields h i and it is negative. We evolve Eq. (6) in precisely the same manner as done previously and in what follows we study the dynamical properties and asymptotic values of our figures of merit. The color-coding for the panels is the same as in panel Fig. 1 (a) .
In Fig. 3 we show the concurrence and total correlations. For both, the initially localized correlation is frozen for a short time window, which is then followed by an exponential decay with minimal dynamical fluctuations before settling to a nonzero long-time value, a trend followed regardless of the length considered and consistent for all disorder strengths. Here we find that the long-time value of both quantifiers is strongly affected by the disorder strength. In Fig. 4 we explore the behavior of these asymptotic values against disorder strength more closely. Panel (a) shows the total correlations, rescaled by L, for several chain lengths. We see the curves remain close to one another for increasing lengths, confirming the extensive nature of I. Additionally, notice that the total correlations increase slightly as we increase system size. The concurrence shown in panel (b) exhibits a similar qualitative behavior, however with one important difference, we now see that the asymptotic value decreases as the system is enlarged. Interestingly, as we increase η moving from the ergodic to MBL phases, this value decreases. In the MBL phase, it reaches a minimum value after which it starts to grow to its large η value.
Another evidence of the ergodic-MBL transition is provided by the long-time distribution of concurrence as shown in Fig. 5 . In the plots we have excluded the values C = 0 from the first bar since, because of the ESD phenomenon, they tend to skew the distribution. The results show that for η < 2, i.e. in the ergodic phase, the distribution for low values of C has a peak at a non zero value of the concurrence and then decays rapidly to zero for large values of C. For η ≥ 4 instead, the distribution is monotonic decaying in an exponential fashion. These observations complement our previous discussion. For low values of η some nearest-neighbor entanglement is retained leading to a large mean concurrence as in Fig. 4 . For larger values of η, although the mean value is comparable, the distribution is completely different. We would like to add that similar results hold for the long-time distribution of the total correlations. Although the effect is not as strong as for the concurrence, the probability distribution of the total correlations change from a skewed distribution away from the ergodic-MBL transition to an approximately Gaussian distribution near the predicted transition point (results not shown). We remark that the distribution of block entanglement is examined in Ref. [30] .
IV. CONCLUSIONS
We have examined the dynamics of correlations, encompassing both quantum and classical natures, in a many-body localized system. Using random, factorized initial states we have shown that care must be taken regarding the choice of initial state and correlation measure. In particular, despite effectively modelling the high-temperature behavior of the sys-tem, we have shown that concurrence can exhibit markedly different behaviors depending on the initial state. This is in large part due to the occurrence of (pathological) entanglement sudden death. By employing a global measure of correlations that encompasses both classical and quantum natures, we have shown that such issues can be neatly alleviated. We therefore argue that the total correlations serve as a more useful indicator in studying the dynamics. Furthermore, the total correlations highlight a clear change in the nature of the dynamics when the system is quenched into the ergodic or the MBL phase, with the latter showing oscillations in the correlations, likely related to memory effects. Finally, we assessed a different initial state composed of tensor products of singlet pairs. Our results provide important insight into the nature of the ergodic-MBL transition and highlight the care that must be taken in choosing suitable figures of merit to assess such systems. Such an observation is particularly important in the context of the recent experimental [22] and theoretical [31] developments in studying MBL systems where the initial state is fixed.
It is important to stress that the correlation measures we consider in this paper can be measured in experiments with ultracold atoms, trapped ions and solid state implementations of spin chains. In fact the concurrence only requires two-spin correlations while, at zero temperature, total correlations require only the single spin density matrix that can be determined from the single-spin polarisation.
